
Math 564: Advance Analysis 1
Lecture 20

Lebesque Differentiation Theorem. For each locally integrable f :R
&
-IR Li .e . f ./BEL'UR!x)

for every bounded box B)
,
we have :

f(x) = li-t
-- 0 x(Bew) bi

for a . 2 . XEIR& where Bold is the ball of radius r about in da-metric.

In English , this theorem says It almost carely , the value of the faction f

at x in equal the limit of
averges of values off around x.

Motivation
. Let le denote he set of all locally integrable functionsf, ive.

↓ st
.

F Let' for all balls B2Rd,
Define the averaging operator Ar : Leo -> Less by Arf(x) : = /X(B-(1).

hmma1
.
If y : /P->IR in continuous and locally integrable , then

g(x) = b Arg(x) for all xt1R%

Proof
.

Fix xIR&
Then 1Arg(a)-y(x))=1TiCdx-

I Y= Iii Cx(l[Br)

Br(x)

- *(13) (19(3)
- y(x))dx()

Br(x)

↓for small enough rsp) -
x (B)([dx(y) = 3

.
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